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Abstract—The visualisation and exploration of mathematical objects and 
concepts in multimedia environments can facilitate learning. Geometry is par-
ticularly involved with the growing use of software in teaching. GeoGebra is a 
dynamic geometry system that increases the level of knowledge and skills in 
mathematics. The use of GeoGebra permits one to complete and extend a teach-
ing strategy based on manipulative activities. 
The area of a disk in Middle School, i.e. Grades 7–8, offers the opportunity 
to use a large amount of geometry dynamic software. This paper proposes, as an 
example of combining in between manipulative activating and dynamic geome-
try software, the use of GeoGebra to permit the visualisation of three different 
approaches to the area of a disk. The first one is based on the limit of the area of 
inscribed regular polygons, the second one is based on dynamical morphing of 
the disk in a triangle and the third on sampling methods. 
Keywords—GeoGebra, Teaching, Learning, Disk area, Dynamic geometry 
software, Middle School. 
1 Introduction 
Teaching activities and neurological studies suggest that the mathematic analpha-
betism mirrors a basic characteristic of our brain: its modularity, the compartmentali-
sation of mathematical knowledge into partially independent multiple modules. To 
become capable in math, it is essential to connect these modules by flexible links 
between them [1]. Students can benefit in different ways from technology integration 
into everyday teaching. The visualisation and exploration of mathematical objects and 
concepts in multimedia environments can facilitate understanding and new ways of 
learning [2]. In addition, the use of technology contributes to build an international 
community of teachers that can exchange their experience in an international contest, 
whereas traditional teaching is often confined to the national reality [3]. 
New learning opportunities are provided in technological environments, potentially 
engaging students of different mathematical skills and levels of understanding with 
mathematical tasks and activities [4]. Geometry is a domain of mathematical 
knowledge, which is particularly involved with the growing use of software in teach-
ing because of the important role played by external representations, usually called 
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figures, and the new ways of handling these representations that are made possible by 
software specifically designed for geometry [5]. On the other hand, simple drawings 
of mathematical objects and figures are not enough for the building of a comprehen-
sive understanding of basic mathematical concepts. [6]. Consequently, it is important 
to support the use of dynamic geometry software by manipulative activities. This 
combined approach, a dynamic geometry software to complete and extend the manip-
ulative activities, helps to avoid the fact that some students’ work declines during 
classroom tasks. This approach is consistent with the general notion of mathematical 
understanding as one’s growing competence to navigate through various representa-
tions of mathematical concepts is illustrated dynamically [6]. 
GeoGebra is a dynamic geometry system in which one works with points, vectors, 
segments, lines, and conic sections. On the other hand, equations and coordinates can 
be entered directly. These two views are characteristic of GeoGebra: An expression in 
the algebra window corresponds to an object in the geometry window and vice versa 
[7]. GeoGebra presents the main advantages in teaching and learning mathematics: 
easy teaching and easy learning, quick and correct grasping of the concept, and provi-
sion of an interactive learning environment [8]. The new teaching and learning meth-
od in mathematics, based on the use of the GeoGebra software in the teaching and 
learning process, causes much more increase in the level of knowledge and skills in 
mathematics than the traditional method used in this process [9]. The benefits of using 
GeoGebra software relate to independent and creative work, curiosity driving force, 
research opportunities, different science interactions, easy and better understanding of 
concepts, time benefit, wider and continually growing community of users, etc [9]. 
The area of disk learning is a suitable subject to show how starting by manipulative 
activities can be proposed the use of dynamic geometry software. The standard meth-
odology used to explain the circle surface measure in junior secondary classrooms is 
not fully satisfying for the students and the teachers. The original Archimedes’ proof 
[10] is out of range in these grades, and, for its complexity, isn’t a real opportunity to 
improve competences and skills. More interesting are the proofs based on area rear-
rangement by Leonardo da Vinci [11] and Sat! Moshun [12]. A traditional approach 
to these proofs is limited by the requirement to abstract the limit procedure without 
any visual support. Dart approximation is directly based on the Monte Carlo method 
and computing [13]. 
This paper proposes an approach to the circle area using three strategies based on 
dynamic geometry. These three approaches involve mathematic methods based on 
finite difference method and infinitesimal thinking. GeoGebra is a useful tool to link 
geometry, algebra, and calculus [14]. These methods can be considered too high for a 
junior secondary class but some qualitative studies show that when the students are 
engaged in high-level cognitive processes, they perform well produce good results, 
provided that the activeness is maintained [15]. So, because dynamic geometry is 
active, exploratory geometry carried out with interactive computer software [16], 
using dynamic geometry software as GeoGebra is a good idea, especially in a high-
level approach. 
The educational method proposed in this paper is based on: 
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" The visual approach to abstract contents [17]; 
" the simultaneous multiple skills advancement [18]; 
" the use of multiple student resources; 
" the targets customisation to develop skills by giving value to different competences 
of students [19, 20]. 
2 Target and objective. 
The target groups of these three activities are proposed for Middle School, i.e. 
Grades 7–8. It is assumed that the students have already known the measures of trian-
gle and quadrilateral surfaces, the basic concepts of a circle, including center and 
radius and the distribution due by random events. 
These activities are designed to be shown to the students by an interactive white-
board or other interactive systems. Then the students work with the computer individ-
ually, or in pairs, or in small groups of 3–4. The objective of the individual or small 
group step is to consolidate their convictions and to experiment directly the situation 
obtained by parameters changing according to their curiosity. 
Furthermore, the activities permit one to learn and gain knowledge to consolidate 
the area of the circle and to explore mathematic methods based on finite difference 
method and infinitesimal thinking. 
It provides an opportunity for experiencing the process of exploring, conjecturing, 
verifying, justifying, and perhaps proving and becoming familiar with the visual ap-
proach to mathematic. 
The activities are successfully experimented in a math’s class. 
3 Area of the disk as the limit of the area of inscribed regular 
polygons. 
The first strategy proposed to indagate the area of the circle is based on inscribed 
regular polygons. 
The developed GeoGebra code consists of a regular polygon inscribed in a circle. 
The circle, and consequently the polygon, can be rescaled on the graphic view of 
GeoGebra as shown on the left side in Fig. 1, Fig. 2 and Fig. 3. The center of the 
figure is connected to two consecutives vertices to show one of the congruent trian-
gles which can share the polygon as shown on the right side in the figures. On the 
GeoGebra, the second graphic view shows the development of the polygon into trian-
gles. The number of edges (n) is controlled by a slide. 
The students can infer that the polygon can be covered by a number of congruent 
triangles and that it is the same as the number of the edges of the polygon. Conse-
quently, the measure of the surface of the inscribed polygon (APolygon) is equal to the 
value obtained by multiplying the measure of the surfaces of one triangle (Atriangle) by 
the number of the edges (n). The measure of the surface of the triangle is obtained, as 
30 http://www.i-jet.org
Paper—The Area of the Disk in Middle School Grade by GeoGebra. 
usual, by dividing the product of the triangle base and height (h) by 2. The triangle 
base is the same that polygon edge (l). 
Generally, the area of a polygon can be written as: 
 !!"#$%"& ! ! ! !!"#$%&'( ! ! !
!!!
!
!
!!!!
!
 (1) 
where p is the half-perimeter. 
It is important to emphasise that multiplying the edges number and edges length is 
obtained by the perimeter of the triangle, the measure of its border. 
 
 
Fig. 1. On the left side, the GeoGebra graphic view with a 3-edges polygon inscribed; on the 
right side, the second GeoGebra graphic view shows the decomposition of the polygon 
in triangles. In the right size the axis aspect ratio (x:y) is 1:2. 
In the cases of 3, Fig. 1, or 4 edges, the value of the height can be analytically re-
trieved from the equilateral triangle or square properties. In the equilateral triangle, it 
is enough to remember that the orthocenter divides the heights in 2/3 and 1/3. 
Increasing the number of the edges makes the polygon fit better in the circle; its 
perimeter tends toward the circumference and the height of triangles to the radius. 
Fig. 2 shows the cases of an octagon (n=8). 
As shown for n = 25 in Fig. 3, by moving the slide that controls the number of edg-
es, the students can observe that: 
• the inscribed polygon tends toward the circle; 
• the triangle height tends toward the radius of the circle. 
From the first observation, they can deduce that the length of the border of the pol-
ygon, the perimeter, tends toward the length of the border of the circle, the circumfer-
ence (c). Consequently, by (1) they can realise that: 
 !!"#$%& !
!!!
!
 (2) 
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Fig. 2. On the left side, the GeoGebra graphic view with an 8-edges polygon inscribed; on the 
right side, the second GeoGebra graphic view shows the decomposition of the polygon 
in triangles. In the right size the axis aspect ratio (x:y) is 1:2. 
 
 
Fig. 3. On the left side, the GeoGebra graphic view with a 25-edges polygon inscribed; on the 
right side, the second GeoGebra graphic view shows the decomposition of the polygon 
in triangles. In the right size the axis aspect ratio (x:y) is 1:2. 
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Substituting its expression as a function of the radius to the measures of the cir-
cumference (2) becomes: 
 !!"#$%& !
!!!
!
!
!!!!!!!
!
! ! ! !! (3) 
4 Area of the disk as the area of a triangle with the base length 
as the circumference and the height length as the radius. 
The second strategy proposes to indagate the area of the disk based on dynamical 
morphing of the disk in a triangle. The original idea was composed to divide the disk 
in several concentric annuluses, and then to cut and to open each of them as a “rec-
tangle”. The wider rectangle is set at the basis and the other ones are stacked over it to 
build a terraced triangle. As the number of annuluses increase, their height decreases 
and the final figure tends towards a triangle [21, 22]. An engaging story for young 
people, based on this idea, involves a licorice roll that is cut and stacked to build the 
triangle [23]. 
 
Fig. 4. GeoGebra graphic view of 10 concentric annuluses. (a) Span is zero, the annuluses are 
closed; (b) Span is low, the annuluses are opening; (c) Span is high, the annuluses are 
open; (d) Span reaches maximum value, the annuluses are turned into segments. 
The developed GeoGebra code, Fig. 4, is composed in a circle that can be opened 
by two slides that drive the span, one slide for fine control and the other one for gross 
a) b)
c) d) 
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control. The code permits to set the circle radius and the number of annuluses, named 
“slices” in the control slide. There is a segment length as the circumference tangent to 
the circle. 
The students, before taking on the area of the circle, worked on the length of the 
circumference with a real object and a twine. So, they knew that the circumference 
can be stretched in a segment of the same length. The class discussed about the signif-
icance of the cutting act and the differences between a closed set and an open one. 
Fig. 4 shows the circle divided into 10 annuluses for four different values of span. 
By the slides of span, the control is continuous and the development can be shown to 
the class as a continuous transformation. It is important to observe that the length of 
segment BB’ is the same than the measure of circumference, and the center of the 
circle is fixed, so, the distance between it and BB’ is the radius of the circle and the 
height of the triangle. 
When increasing the slide that controls the number of annuluses, the circle can be 
filled by annuluses. In this way, moving the span slide control will make the circle 
turn into a triangle that has a base the length of the circumference and a height that is 
equal to the radius of the circle, Fig. 5. When moving back the slide, it is possible to 
turn the triangle into the original circle. Then, because the circle was transformed into 
a triangle with the same area and vice versa, the area of the circle can be obtained 
from the area of the triangle as shown in (3). 
 
Fig. 5. GeoGebra graphic view of 47 concentric annuluses: on the left, the span is low, and 
consequently, the annuluses are opening; on the right, the span reaches maximum val-
ue; the annuluses are turned into segments and the circle is turned into a triangle. 
5 Area of the disk by sample method 
The third strategy proposes to indagate the area of the circle based on the random 
or uniform generation of points inside a square circumscribed on the circle. By this 
way, it is possible to retrieve the value of #, too [23].
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5.1 Finding the area of the disk using the Monte Carlo method 
The first idea is based on the Monte Carlo Method [24, 25]. To perform this activi-
ty, the class is required to assimilate the concept of uniform distribution in an interval 
and can calculate the distance between 2 points when the coordinates are known. 
The developed GeoGebra code is contained in a square box with the inscribed cir-
cle. A slide drives the number of points randomly generated inside the square. If the 
distance between the center of the circle and the point, measured by the Pythagoras 
theorem, is equal or less than the radius measure, only then the point is part of the 
circle. If the random points are uniformly distributed, the ratio between the number of 
points that are inside the circle and those that are the ratio between the measure of the 
square surface and the measure of the circle surface: 
 !"#$% ! !"#$!"#!$%
!"#$!"#$%&
!
!"#$%&!!"#$!!!!!!"#!$%
!"#$%&
 (4) 
Being confident with the use of GeoGebra permits the class to be confident with 
the results obtained by GeoGebra, so, the code can be used to count the points inside 
the circle. The total number of points is controlled by the slide. 
It is important to associate the points generated into the square as a random shot; 
the name of the GeoGebra command is “RandomPointIn” and it permits to stress this 
concept. The GeoGebra button that generates the points is named “shot” according to 
Fig. 6 and Fig. 7, which show the GeoGebra graphic view obtained with 176 and 
3450 points, respectively. The code permits to control, by a slide, the radius of the 
circle too. The value of the circle radius is set to 1 in this example. 
When moving the slide that controls the number of points, the student can observe 
that the value of the ratio tends towards a constant, and that the constant is 0.785 
(#/4). When increasing the number of points, the precision of ratio value increases and 
can be added by decimal places to #/4 value. 
By the GeoGebra Spreadsheet View User Interface, the values of the number of 
points and of the ones inside the circle can be recorded. The recorded data are plotted 
on the second GeoGebra graphic view, Fig. 9 on the left, to show the convergence of 
the #/4 value. Unfortunately, the convergence is slow. To fit the third decimal posi-
tion of #, more than 100000 points are necessary. 
The measure of the circle surface can be obtained by (4): 
 !"#$% ! !"#$!"#!$%
!"#$!"#$%&
! !"#$!"#!$% ! !"#$% ! !"#$!"#$%& (5) 
and by substituting the area of the square with the square of the edge that is two 
times the radius r of the circle:  
!"#$!"#!$% ! !!"#$% ! !"#$!"#$%& ! !"#$% ! ! ! !
! ! ! ! !"#$! ! !!  (6) 
The successive step is naming the value of the 4-times ratio as #, so that the meas-
ure of the circle surface can be written as: 
 !"#$!"#!$% ! ! ! !"#$%
!
! !! ! ! ! !!! "#$!
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Fig. 6. GeoGebra graphic view obtained with 176 points. Some points are inside the circle, 
while others are outside. The ratio is shown on the graphic view. 
 
Fig. 7. GeoGebra graphic view obtained with 3450 points. Some points are inside the circle, 
while others are outside. The ratio is shown on the graphic view. 
 
By this strategy, it is possible to find the # value too. The accuracy of the retrieved 
value depends on the number of shot points. 
5.2 Area of the disk by uniform sampling method 
An interesting variation of the sampling method consists of the use of a regular dis-
tribution inside the random one. A diffuse use of Pick’s rule [26, 27] in the junior 
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secondary school made it usual to measure the area of a polygon arranged on a regular 
point grid. 
The developed GeoGebra code, is contained in a square box with the inscribed cir-
cle. A slide drives the number of points generated inside the square along each of the 
two dimensions; each point appears as the vertex of a regular grid. If the distance 
between the center of the circle and the point, measured by the Pythagoras theorem is 
equal to or less than the radius measure, only then is the point a part of the circle. 
 
Fig. 8. GeoGebra graphic view obtained on the left with 324 points and the right with 9604 
points. Some points are inside the circle, while others are outside. 
The points are uniformly distributed. So, the ratio between the number of points 
that are inside the circle and those that are the ratio between the measure of the square 
surface and the measure of the circle surface. The ratio is given by (4). The total 
number of points is controlled by the slide. Fig. 8 shows the GeoGebra graphic view 
obtained with 182, i.e. 328, and 982, i.e. 9604, points. The code permits to control, by 
a slide, the radius of the circle too. The value of the circle radius is set to 1 in this 
example. When moving the slide that controls the number of points, the student can 
observe that the value of the ratio tends towards a constant, and that the constant is 
0.785 (#/4). When increasing the number of points, the precision of the ratio value 
increases and can be added by decimal places to #/4 value. 
By the GeoGebra Spreadsheet View User Interface the values of the number of 
points and the ones inside the circle can be recorded. The recorded data are plotted on 
the second GeoGebra graphic view, Fig. 8 on the right, to show the convergence of 
#/4 value. 
The area of the disk can be obtained as shown in (7). By this strategy, it is possible 
to find the # value too. The accuracy of the retrieved value depends on the density of 
points. 
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5.3 Convergence of the !/4 value. 
Fig. 9 shows the comparison of convergence trends to #/4 in the case on the left, of 
Monte Carlo method, and on the right, of the regular point grid. The graphs permit to 
discussion two very important argument: 
" the approximation as the result of activity of measure; 
" the difference between the convergence trends depending on the measurement 
method chosen. 
The learning of approximation as the result of activity and not as abstract proce-
dure is an important goal at the end of Middle School. A good knowledge of the ap-
proximation permits one to handle the real number set to reality application. 
A comparison of the two trends puts in the evidence that regular sampling provides 
a faster convergence. From this experience, it is important to develop a discussion 
about the importance of organising and trying mathematical activities.  
 
  
Fig. 9. GeoGebra second graphic views. On the left side is the ratio trend obtained by Monte 
Carlo method; on the right side is the ratio trend obtained by uniform distribution. 
Along the x-axis is the number of points and along the y-axis is the ratio. The horizon-
tal line corresponds to the value of #/4. 
6 Conclusion 
The combining of manipulative activities and modern technologies is a great op-
portunity to improve mathematical learning and teaching. Moving by a real class 
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experience, the paper shows how GeoGebra can contribute to geometry teaching. 
Three strategies to teach disk area have been proposed, involving finite difference 
method and infinitesimal thinking, in a contest appropriated for Middle School grade.  
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